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Embedding a Mesh of Size 2" x2" Into a Twisted Cube

Kim, Sook-Yeon'

ABSTRACT

The twisted cube has received great attention as an interconnection network of parallel systems because it has several superior
properties, especially in diameter, to the hypercube. It was recently known that, for even m, a mesh of size 2x2" can be embedded into
a twisted cube with dilation 1 and expansion 1 and a mesh of size 4x2" with dilation 1 and expansion 2 [Lai and Tsai, 2008]. However,
as we know, it has been a conjecture that a mesh with more than eight rows and columns can be embedded into a twisted cube with
dilation 1. In this paper, we show that a mesh of size 2"x2"can be embedded into a twisted cube with dilation 1 and expansion 2" for
even m and with dilation 1 and expansion 2" for odd m where 1Sn<m.

Keywords : Twisted Cube, Mesh, Embedding. Dilation, Expansion

.M 8

Waxz EololAe &3] 2 ¢S H29] (subtask)
R o] HEE A &= 7o) 28 MRy g A}
459 gk FAYEE PEAYAN LY ZRANEAA
et A= 2 guigder mdlyd £+ o B
AEF 2509 FAL 2YE G2 JYehln HdA e
Alz=ge) Z Mgl 287 97 48 2= HE |
Ehdick, 0 F 2= GE 2 Hol ALFoR Y
3 FAREL WA A EFHor dgy 5
Aot du 2 duige HE Pz AEF Ao
(15, 17], B3AA 299 W dadF: £ (3 6],
VLSI 3 47 [4, 14, 16152 - E EFH< 71&o)

t A o8 Ay HEe R e
=4 20084 119 119

T 4 9014 20009 49 A

HAFEEE 12009 58 79

Fol 2= Gl dAH V(G EG)E 2HE 69
=E AT o2 Agelztn szl FojA F oAe o=
G#% Hel disis 2HZ o 2= mo P QJude
E Y VG 9 == JAF v d@ dAb 4 wol
(v V(@) —=VH)). 9714 2Z 62 &Y TZ (guest
graph)eh 8t 2 E g & F9 2 (host graph)etn $Hh.

dvlgde) AeE FAse Axoe A4 (dilation) 3}
448 (expansion) §°| 2ok F¢ L7} T2 A A7He)
Ad BHE vhebd of Yuge] AL FAHA (com-
munication delay) & Z%de= e 5o gge =g
M4 o] &% (processor utilization) & ZAs= HE7 #
th &9 IHE 69 oA @vol dsiA A wy e A
FEL F x5 pw) ot pv)Zte] HAG Aot} duwg v
o AREL2 oA A EG)o] £F NS AFE F
Adigolth, #4&e F 2z &Y agze xx&
Aol g VHE PG o)},



24 FER2IST=EX A HIE6-AR H4Z(20098)

g WE A BokilA vl S 9 FEAEER 3tel
HAHE ged 72, e A, AT B4, dI4, 2
F AR F9 F4E HAES 7L Utk StolHFR
o) wigoza Aoy B FH (twisted cube):= o] HF
Heol B WoA vsduMiE ¢ Fxo AFEL FHAE
5 4E 3 ARES M ER 2w HAdd (1, 1,
5. Ao ERE mQ Frd dudsts dF A B
EH 9 [2] 28] FE7} pancyclico] B A [5] ol #]-pancyclic
o= <A [8]. =9 mQ FHo| Hamiltonian Ate]2
oju} AREL YHdE: drER HEHUG (12 18, 10,
9]. mel FHo] t/k-diagnosability:= 3te] ¥ 7 B8 Zt [7].
#49l mol| thste] A7|7h 2x27) w47 AHE 19 &
A 12, 2 2717} 4x279 w47 43 19 #3338
22 19l Frd Jugdge HI2o g (131 2
o] Hol7t BF 8 o4l wW4st mQl FHe| A% 1
2 JdudE=AE 482 vzt gk

B =Ro|ME ogue] Hol7t BF 8 o]4el HAER S
Foo] dA4g 12 Yuldd F 9L By # ot m
o] 49 ZA47A AT+FAE FRYh mo] BFY A4
o =7) 27x27¢) wH7F B Fue] A%E 1, #FE& 2+
2 YugE L Bolx mo] FFY A AL 1, HFE
272 gL ¥tk (1snsm), 28 1l FES
HA4E Aostn 3MeAE WS 1Y FB AR
elgdozs =7 2"x2"Ql wHzp mQl RO A%E
12 9u9e + 1eS Bk 48oME &L den

2. wol e fHYy Yo

of MolME m) Fug AE Helath uA FuE
Aels7] ARA DA AAE F4E LAk

[Be] 1] Zol7} pol o|ANAEY U=U, U, - tiyo] T
#HH A4 @7} exclusive-ord W HE #F 0w,
0<i<p, = 4,®u ® Oy ®u, ot}

o4l B9 19 HAE FFE ol 43 nY Fu & F
ANdoz Fogct delo vE ¥ 9 uFE wet At

[He] 2] m9l B Q& F A9 x= 03 1& /M
stA g Zo|c}t, 4 p23d diFjH G & ul 79 FFRE
0", 0", 0.", 0"z FAELt 7N G,
ijelol = 0,29 B0tk k= AR V@) & Uy V(@)
o)z o)A AF EQ)E Eul, @ Nolth oA
Fol &8s 9lole U4 (wy)eEl u=u, iy 9
vy, vt @ 0 08 23 F s BEdg.

—_ '
1. 4= VpaVp-2Y,

i RAD

r I
2, U=V VpaVps'

“ViVpo|a B(u,p-3)=0

Py
(oa1) (o001 10 1) )
. b} N s
4 \ | S 3 \ \ \
[ [} . 1 L] |1
. L] .
A : ] \
: g H ;
1 [}
H ] H 1 i
LNl “
\ 1 14 LY, A \
"
1 H / ; '8
0t oul oot &) 1 fm o]
1

-
-
et TP

(a2 1) 2ol 7= 0

0,0) 0,1) 0.2) 0,3)

(L,0) LD 12) 1.3)

(200 @D 2.2) 23)

(08 2) o 3x4

3 U=V, VoV, Vo] Ou,p-3)=1

Qo] 2o) WEw p-HY @ Fu O 2079 k=
9 p2r'Ag CAE ZHHT (29 Dol 2 FE Ot
a4 ok (10l ¢os mel Fu 0,8 nas Fu O,
BnE dxm 2Q FHY ==& FHEEARE FAG

ol# vl31& Ao @t (23 29 w4 3x47F YERY U

(Mol 3] W4 NxME e e == FE v
A A% EE A

V={G,)o<i<NO< j<M}|

E= {((L]),(f:])ﬂ(',]) € V,(i'sj) eV,i+l= i'}
GGG NG D eV ) eV, j+1= 7}

Edg odFo] glE # E =FdA oFt ZE 49
o] ol axE mQl FHolm AL o|th M
ol w4 NxMo| FAg ez UvigEctn L 4l
NxMo| xE 7§57} NMedl EQ 7o d%& 12 ¢
H3gE ofu g},

2

3. W49 mol FHO| i MAH AW

o] oM tj4E mQl Fro Ydulgdste AAHA
He AAGoEH A7) 27x272 w47 AFE 12 9
g% 4 9182 ot (1sn<m). o] A UvigolA m
o] Afold HAZo| 27l Fold 270l



. 00
] 10@@:

() (b)

(12! 3) ANz Yushe wy: (a) &EEE A2l oA
AxB2 2AHE, (b) BEE 240 U4 24xB2| ¢
Hg

(2 3)2 w4 AxB7F 38 A2 Ywigd of o4
24xBE $3g 2h2 AR R Pudste PP By
#th. (29 3) @9l W4 4xB 9 A3t FREEE 2
A4 Aok (29 3) (@9 22 w4 4AxB7 §FE hE
Juidgcta a2t 22ld 4] AxBY & =y log, 4Bh
HE9 48 /) fr} (29 3) el 4] 4xB 2
AL £ HE A8 dAHoE Eo P4 vld 24xB
7b a8A o BY 9 St dAEL FMHoz 1A
ok vl4 24xB9] & xEoi= o]u] log, ABh-H|ES] F
47t @gEo ged F EAIES giiHez gloernz
F7hg oA FE ks FAE AR A €. oAl
o4 24xBe| 7 k=8| Fael o] F HEY glgo|s
AR k28 B 0% Y LEBdE BF 108
QEolry, 22w w4 24xBg 7 ws=i (log, ABh+2)
HES M2 g F4F #A g€ o Fadz o4
24xBE& 2Q Fdo duFetH w4 24xBolA AHT
rEEL JAY FHESE WSS d4A 18 &+
slck, 4] 24xB9 xE FE 24B°ln FU ZHPER)
BQl §FHe xE £ 44Bho|BE ul4] 24xBE $3E
2hE YugEE & F Aok

AAHA g e o7t (2¥ 4ol deh Sl
(29 4 @%F "4 2x47 8348 12 JHIEL BAF
. (29 4) (@9 4 F AE 48 dAHez €9 4
Ao = 002 aHukRoli= 108 B9 ZA#H7 (29 4) (b)
of vebt slck (28 e 4 2x47F &38 12 9l
98 o o4 4x43 S 22 AAZHoR g £
U&E& BAFE ol d AFAHY duld Wgezig o
3 & 2428 4¢ F o

[£F2] 1] dld NxM 7} 348 e2Z JuF gt o
3] 2NxM <= §3& 2e2 guigdech

00000 00001 00011 00010

000 001 o1 010 00100 DOl1OI 00111 00110
100 101 1 110 10100 10101 10111 10110
10000 10001 10011 10010

(a) )

(38 4) MAXNS= AWYSt= Weol of: (a) HFE 12 o
F 2x42] Y, (b) B 22! tiH 4x42 AT

37| 2"x2"¢l Hi#e 12 FE0| CHE G 225

[BY] 45 iol #¢ +87 Adyez Fsiict
i=09 o ¥ AAert 4P@ch & 237 i=id o
HPecn A i=j+1d o AYFL volArt 2
71 2NxM < o148 Tet sk o4 T 7o o8 &
48 2ez Juidech W w3 To # e
log,2" NMe) H|ES] F4E& 7441 ek w4 T, ¢ % )
o) BAHES whgo] T 9} T2 s

T OEARS (29 3) ()t gol A WMoz Bo
a7 2NxM Q) M4 T & PAHSREER oSS F18
o, 282 7 =29 log,(2¥ NMe)-H|E F49] go] T o]
EH Qo ¢ 79 nESdE 2F 02 B
# o4 T'9 neSds 2% 10 £Uc 29 o3
T.9 2 xE52 M2 02 Y28 FExE F4F 2H
fid o] FHELE F4E Z2o|7} log,(2V NMe)+2 o|t}, o]
Fadz T.g nd Feo Jdulgsid o4 TadA gl
e =E5L QA FHLCEd geHe 44 s
25 Qo =23 7.9 xE 4 29NM ol F¢1 27
Zol WYl FHE xE FE 2UINMeo|BR Tk §48
272 YMPE S ¢ 4 ok [

279 13 7129 A7a (13]) 22 ggs gL &
4e)E 2 4 ot

[232 2] 52 p2ld digto w4 27x2'e= 3
& 2" 2 digdEknz1)

[BY] &2 p21e) didte w4 2x27'e= $3& 12
el et [13]. 2eld &g 1o] osja EFE49 p2lo
tiate] w4 (2-2)x27"%= B3 22 YudEdt (iz0).
ig n-102 M85 B 238 dg F gld |

427 2¢ ¥F Wo| 29 HE4 279 AET OF
22 g Aol Uz AR 4 g

("2 1] ol 2"x2"= mo] Byold §34g 272 m
o] Fol #gg 22 YMFE F Adk 1snsm).

[BY] mo] Byold 247 20 o £ AHejzt 44
B2 mo] 4% A4 FUEHW ®rh mo] Eold
o4 27x2"' = &3] 20 oM #4E 27 E JugE
o 2dd w4 27x2mE uld 27x2™te d3g 19 &
£ 12 duldEct gy o4 2"x2"e 48 o2
2l e dwgech n

e 125H <E D& 92 F Utk <¥E > 4 o
A7 A3e 12 UuigEE 29 HF2E Jehy F oo
9% doje &9 2YZ w5 Yt Yz 22X
F @olle mo] A4 A4 F4U Aol F9 2=
?l mQl FHEo] Yeht itk <E 1>9 @ upAgt e
ANBYE mo| A5 Afo] w4 27x2"7t FE Crima



26 TEHMISBI=EX A H16-AT M4=(20098)

(R ) ZH o7t AEE 12 YuEss nel 7=

mo| B3 mo| &4
uﬂﬁzsz:.r' Fu 0. (3& 1 03 f’%g';,
ui|4=|2 S4;2'. #8 0., (%44 2 [13] 2}%}5:}
ﬂil?sj;;z'_ FY Qo (H3E 27 (113}3;]

of mo| £4Y A% 7B On.ol UdWYEL & F 3l
o 4 2"x2"9 §F ZAfn & £ Ae 4l 2x2”
o} w4l 4x277} Yl EE 2] FEEo] EXG AH g
o] Vel glth <E 1>014 BriAla mo] BEY 79
W4 2x2"7} $3e 12 o4 4x2"7t §3E& 22 g
& ug 22A g [13] & =82 7|E A7AH13]E
AduiAel 42 #$4H A7FEREE & F Urh

48 B

B =gdAE 27 27x27<] w47t 29 FHe] 43
12 QM9E 4+ 9ee At (1snsm), & =89 v
ol mo] Bfold FFgo| 2+l Fo|E 270l
g8 B4 m220] disjy 27] 4x27Q dl4]e] HARR F
N7t == FE glo] mQl FHd A& 1, 48 18 ¢
e & adgol LA ok [13]. ey @ Holz}
BE 8 o]4l o4 o A7k 2Q FEe] A%FE 1, &%
% 12 JuidE & deAe g2 vl foh des 2
71 27x279l 4] 2" AE mQl FE Qemadl 2= FH
glo] g ¢ eAE wele AL FF d7FAA ol

#1F8H

[1] S. Abraham, K. Padmanabhan, “The twisted cube topology
for multiprocessors: a study in network asymmetry,” J.
Parallel Distrib. Comput. Vol.13, Issue 1, pp.104-110, 1991.

[2] E. Abuelrub, S. Bettayeb, “Embedding complete binary trees
into twisted hypercubes,” Proc. of the Int. Conf. on Computer
Applications in Design, Simulation and Analysis, Washington,
D.C. March, 10-12, pp.1-4, 1992.

[3] F. Berman, L. Snyder, “On mapping parallel algorithms into
parallel architectures,” ]. Parallel Distrib. Comput. Vol4,
No5, pp.439 - 458, 1987.

(4] S.L. Bezrukov, J.D. Chavez, L.H. Harper M. Rattger, U.-P.
Schroeder, “The congestion of n-cube layout on a rectangular
grid,” Discrete Math., Vol.213, No.1-3, pp.13-19, Feb., 2000.

[5] C.-P. Chang,].-N. Wang,L.-H. Hsu, “Topological properties
of twisted cube,” Information Sciences, Vol.113, pp.147-167,
1999.

[6] V. Chaudhary, JK. Aggarwal, “Generalized mapping of
parallel algorithms onto parallel architectures,” Proc. Int'l
Conf. Parallel Processing, pp. 137-141, Aug., 1990.

[7] ] Fan, X. Lin, “The t/k-diagnosability of the BC Graphs,”
IEEE Trans. Computers, Vol.54, No.2, pp.176-184, 2005.

[8] J. Fan, X. Lin, X. Jia, R. W. H. Lau, “Edge-pancyclicity of
twisted cubes,” ISAAC 2005, Lecture Notes in Comput. Sci.
Vol.3827, pp.1090-1099, 2005.

[9] J. Fan, X. Lin, Y. Pan, X. Jia, “Optimal fault-tolerant
embedding of paths in twisted cubes,” ]. Parallel Distrib.
Comput. Vol.67, No.2, pp.205-214, 2007.

[10] J.-S. Fu, “Fault-free Hamiltonian cycles in twisted cubes
with conditional link faults,” Theoretical Computer Science,.
407, No.1-3, pp.318-329, Nov., 2008.

[11] P. A. ]. Hilbers, M. R. J.Koopman, J. L. A. van de
Snepscheut, “The twisted cube,” in PARLE:Parallel
Architectures and Languages Europe, Parallel Architectures,
Vol.l, Springer, Berlin, pp.152-158, 1987.

[12] W.-T. Huang, J. J. M. Tan, C.-N. Hung, L.-H. Hsuy,
“Fault-tolerant hamiltonicity of twisted cubes”. J. Parallel
Distrib. Comput. Vol.62, No.4, pp.591-604, 2002.

[13] C.-]. Lai, C.-H. Tsai, “Embedding a family of meshes into
twisted cubes,” Information Processing Letters,. 108, Issue
5, pp.326-330, Nov., 2008.

[14] A. Matsubayashi, “VLSI layout of trees into grids of
minimum width,” IEICE Trans. Fundamentals, Vol.EB7-A,
No.5, pp.1059-1069, May, 2004.

[15] B. Monien, H. Sudborough. “Embedding one interconnection
network in another,” pp.257-282, Springer-Verlag/Wien,
1990. Computing Supplementum 7: Computational Graph
Theory.

[16] A. Patel, A. Kusalik, C. McCrosky, “Area-efficient VLSI
layouts for binary hypercubes,” [EEE Trans. Computers,
Vol.49, No.2, pp.160-169, Feb., 2000.

[17] A. Rosenberg, “Issues in the study of graph embeddings,”
Lecture Notes in Computer Science, Springer-Verlag, New
York, Vol.100, pp.150-176, 1981.

[18] M.-C. Yang, T.-K. Li, J. J. M. Tan, L.-H. Hsu, “On
embedding cycles into faulty twisted cubes,” Information
Sciences, Vol.176, No.6, pp.676-690, 2006.

#4249
e-mail : sookyeon@hknu.ackr
1918 QM chgtm AAba}ah(FAL)
19939 @3 3}37]| & AKAIST) A
(FE4 4D
1998 §= 3871 KAIST) dabehst
(Fshual)
1998+ 39 ~20044d 24 FFAAFA AFYETRD HYL 7Y
004 39 ~2008d 39 ¥Ad%L YFE T} zuF
0049 49~3 A FAdE FFE T Fusy
A Bol: W@ E], 2= ¢Yud, EAEY, YEHI §



