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Bayesian Analysis of Software Reliability Growth Model
with Negative Binomial Information

Hee-Cheul Kfm"-hng-'-(}oo Park'' - Byoung-soo Lee''"

ABSTRACT

Software reliability growth models are used in testing stages of software development to model the error content and
time intervals between software failures. In this paper, using priors for the number of fault with the negative binomial
distribution and the error rate with gamma distribution, Bayesian inference and model selection method for Jelinski-
Moranda and Goel-Okumoto and Schick-Wolverton models in software reliability. For model selection, we explored the
sum of the relative error, Braun statistic and median variation. In Bayesian computation process, we could avoid the
multiple integration by the use of Gibbs sampling, which is a kind of Markov Chain Monte Carlo method to compute
the posterior distribution. Using simulated data, Bayesian inference and model selection is studied.
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2.1.1 Jelinski-Moranda =%

A4 28 T dEHQ £Y-L Jelinski-Moranda
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i) mge] A& F A9 oFe o wAsn,
F7HAQ FE HAsA o o WA HA
= & (perfect)3lth.

i) o] WAHA FA AR P 4
N t=x—xE D EYFOE WFo
1/¢(N—i+ 1) A+EXE & F T;
o the AFFFE BE o IS ki (s)=
HN—i+1)o] Hrh wpebr g0 W H8Y
E@5E ogn 2o,

f(t,) — (N_ i+ l)¢e'¢(N—i+1)h

2.1.2 Goel-Okumoto®.%

Goel-Okumoto?t At 7HE JMEIF(GOEH)e]
A o] ZY¥e IMEHH Hj&EA L shve vzt
UAHNE ¥ 23g nAE dd HE w(0<sw<l)
7} sle E¢AE W7 2¥(imperfect debugging model)
& ALt Goel-OkumotoZ oA 718L& M &2
oM 744 )3 i)E 23 MY aF F A
A AY g5 ZE ro] gt hp(f) = ¢(N—
w(ii—1)e]l deh F o W FEUSHFE e
o g

f(ti) = (N—w(i— 1))¢e—¢(N-w(i-—1))t,
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2.1.3 Schick-Wolverton=3

Schock-Wolverton® JMEZ¥2 #4343 FY 44
1Y€ $r(sawtooth concatenated hazard function)&
Attt &, 28 uFFAXNRL 4,8, & N
% g7 FARE o 47 AYRSE k() = (N
i+16& 7HAE d¥E(Rayleigh X8 WExn =
Aoz Efo|ztn /HAFL F 4o dE 8L

e i 2o

—$ -+ &

;)= (N—i+1éte

2.1.4 &9 o|¥EX
(negative binomial distribution)
d&EHA ATHE pE /M W EF0](Bernoulli)Al
Yo X oHA 74 Bad wrix dag 1% +E
X3 &g vhed Zo] Haol a(1-p/pd &9
ojE-EE WETIY 31 NB(q,p) ot EAYTL

P(X=x)=("+z‘1)p“(1—p)‘,x=0,1,2,

$ AolA g7t 19 AL 7]3HE E(geometric dis-
tribution )7} ®2 p& A} FEF ANPE sk
B9 ¥olF(Poisson)F X & wEctn g3A gl

2 =EdXE 2ZEHod EAde 27 279
FAFRA A5 Noll g AAEEE 39 olYEEE
7Hg At debd o 2 AbdEEs geli5]

P(N)=(N+1‘(,‘ 1)p“(1~p)”

22 2goff cigt ZA M E

o] FejE, 2 HEY SunFoM 244 =
AR BXIEL 47 Aot P2 AEYL ntmB
A Eel JEEZMCMC, Markov Chain Monte
Carlo)71'olt}. o] wkzn Al FYY BEEE ¢
7} F8ux s AFE B ¥(posterior distribution)ol
o E£§ o =A< ZUH(independent starting
points)}& 74 whEE AAE HHAAN ALFE FEZ
Re 05 AEES 4dg F UDHI0L

2.2.1 ¥lo|z 3¢
A& AEY dadFolA 2dd 24% XSS

Tt Y oA WHE Wo] o]&8A Hrh
&, 2ZEHo AYE 44 B FA #e|A¢ &
YHEo| nAY By sty 49 AHYRE AEE
o AZEHY 37 HoHE HAste WHez M
Hojxd gt} g AXEHo AT 2y o
g HoAt FAY ZEAA =T ez At
ol g5H g3 7L BAYes FHY & gt

AFEE = HHEE X ($ERS / FARE)
o« AHEE X $EUS

o7l A 9% 4 (Likelihood Function)s EE 4
ZEY H2" HoElE o8¢ ARHE U ¥+
oo}, AbHE¥(Prior Distribution)® AZEs|o| g
E Z22Ed T g EE /1HE 2E JRE R
o, AFEXE A3E B8 AZEY] HaY =
B8 7|We g slo ALHE T oA FHY AHAA
Be WAET ANY ARE JelE EX 5o

2.2.2 A& &Y

A& AEYL 3AF 4 (image-processing) 28 &
A73E Geman® German(1984)9] =F& F38lo 4|
24 477t ANAEA. o] Wi 2U& Metropolis,
Rosenbiuth. Rosenbuith, Teller(1953)9l &j3] A g&o=
AtH ksl $o Hastings(1970)o4 ojsf dasdoh

Ax MEYE A oY JEES AXs] A
Ao 2 M7 H(Neural network), BE7} Al (Expert
system)® #& Hx7} Z(large scale) B&EE 2o
g5 ALgHo] itk B HolAM e Geman® German
(1980l A A7E 2 AEYE olgsln HIde
Gelfand® Smith(1990)<]&) & FA =Yt 18]
1 Gelfand$®} Rubin(1992)2 t}% 9 (multiple sequence)
£ o] &% WHEZ AEH)A 7IHE AAMFATH

A dEYe /gL 339 FEL & Egoln
FET 7Y NRo] oFojH YA YnYFoH
B &y BEL A SHEIE Y

B AdME g3 2 Gelman® Rubing 7[¥&
fostazl @), $M, FAEE X (over-dispersed dis-
tribution)ol A FEH Z7|HL 7MAE Zz Hol 2
A EHE m=29] €& AEHOESRD, Z7EEY
IENE FAE7 A 74 Gl diE ANy 29 @
B2 A|olstm FubE o wrEg majsA gk
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P~ f(U, | UP UL -, U DY)

Zzbe] Mg HAZER ANHEA pAY A
F& AL F AR 2r¥e DHolR TEH P
& HFE 4+ U

(U}Zrt}, UéZn)’ -, U,(,Z"))

wWehA, Gemand} Geman(1984)& #H33 = A3}
A pol 283 W (pooo) T3 Fo] FHEE A
A&t

(UP, U & (U, Uy, U,)

ageg F9E ,9W wE(iteration)o] m¥ A&
(replication)&t= = MEHL b Zo| mnAE
WA A 71

(U{f)."',Uﬁ,f))(i= 1,2,-, m, l=n+l,"-,2n)

A HAA Uy,
% sk

AFAES g ANE7] HAM £ =8 bded
%] Rao-Blackwell7§'d-& AH&3t5tHOL

U, A% wehy MEst 8

RT)=(mn) ! 121 1=$+1f(U’ | UL, r#s)
3. AEEEr| ol R JXlE Al=|S Yo
ciet ZLAME

3.1 Jelinski-Moranda 2 8
ARAETE Holgto] 9o} NBla, pE BT a(l-

D/pQ LOUEX 181 '(a,f)E BTl a/pY
AolEXE YeElX NigE N9 ¢7F SHolgs
AL duista IMEHL 2% 3P w7z gAY
LEsE g 2o

L(N,¢;Dt') — ].I(N_ i+ 1)¢e—(N—i+l)¢t:

=(HN-i+ D)7

o x 2E dnF
(1) APHAEE : N~ NB(a,p); ¢ ~ ['(a,8);
N1g¢g 3D
(ii) N} ¢9] AFE=ES
P(N,¢|D,) o< L(N,¢|D,)-P(N, ¢
o« L(N,¢|D,,) - P(N)- P(¢)

« { Q(N— i+ D)% T

(M hra-n~-
a1, 8
I'(a)
(i) N'=N-no] d§ AAZEX
PN | ¢,D,) < L(N,¢|D,)  A(N)
o (N'+n+a+1) .

o
[(1 — e [—¢§;t.l] y
[1_(1_1))2[—4;;:,1]”"

2822 N'=N-»° A& AFEEZE S5 2
& BE4E /M E SojdEX 9o

N 1 6.0, ~ NBa+n 1-(1-pe 5 32

) goll d¥ AFER
gol HE AFEXE #ol= Ao FelB4(nui-
sance parameter)’l'd& ©]&35t4 go thFt AIFER
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6| N.D, ~ [(a+n, 8+Nu,+ i) 63

A2 gngdFe 319 69 AHEFEANA oyt
T8 271A2 e PN | ¢,D)9 ddsed N(=
N-m)9 AYEES A1 o] 3%& | ND, )l tf
Aste] g9 AHEEES At} A7|H de 4, N L
MEE 27]XZ2 3o o] HEFHnd), oleig I

€ mil Lo dEEY AEYFLS WY TR
HAY ALE Pty Hu B wg £EL 98
A& Rao-Blackwell 71'd& A1&3tA "t} o] Ade
o WEISE 25 HARRE HIn FuRg

A8t ALFEH TS FEHA BTH9)

3.2 Goel-Okumoto =2 &
GOERY BSE fAe WHe2 I— JN-w(i-

DM OEE, v 23 i fEE $EIHE
oy g

L(N.4:D,) = I(N—w(i-D)ge X0

1)t

={ g(N— w(i—1))}g" - Bv-wti-

e 32 & d1BF
(i) AAAEE: N~ NB(a,p); ¢~ (a,B);
Ni¢
(i) N3 ¢ o] LRSS
P(N,¢| D) = L(N,¢|D,) P(N,¢)

= L(N,$1 D,) - P(N) - K$)
o { JIN—wli=D}gre*"

(V2= 1) 1 p?-

a—le -~ 8¢
I'(a)

(i) N” = N—nwol di@ AEEX
AN |¢,D,) =< L(N,¢| D)+ PN)

o { IV wli=D)gme™*7 -

(N+]t:’—l>pa(1_p)N

. (N”+r;$1’+a—l) i

[a-pe 3]

[1 _(1 _p)e [_¢.gr‘.]]ﬁw+a—l

JHBE N’ =N—nwol 8 AFEXE Og
I e BEE MRAE SolgE ¥} "t

[= il
Nl ¢.D, ~NB(nw+a+n, 1—(1—ple ¢'gt)

(iv) goll hH&t APFER

¢l g AIFEZE wol= A9 Fo) Z(nui-
sance parameter)’i'dE& o83t go W AFEE
T 953 2ol A 5 ok
(=6 3 N- - 1)ty

P(#1N.D,) o { FIV= wli- D))

a—le—ﬁé

I'(e)

¢ N,D, ~I'(a+n, ;‘(N-— wi— 1))t + 8)

3.3 Schick-Wolverton.2. %

APHEEE ool o] NB(a, pE o] a(l-
DIpR) FNREE 18R e, HE FT] /89
Aot ¥ E vehdd,

SWERL oo ALHEE FAMHA oW Adg
WA g $2d5E g g

L(N,¢:D.)

= J:L[(N— i+ 1)t exp{ — —é‘i (N—i+1) t*}]

= (- i+ 197 I
exp{ — g gl(N—Hl) 12}
e X & GugE
(i) AVAEE . N~ NB(a,p); ¢~I'(a,B8); N1 ¢

(i) N} g9 AFLA=H5
P(N,¢|D,) o« L(N,¢| D,) - P(N) - P(¢)

oof fv-i+ D39 M 1)
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exp{ — -% ;5-"‘1(N— i+1) t7)-
(M hpra-o"-

a—le—w

')
(i) N'=N—no g AFEE
KN'| $,D,) % L(N,$] D,) - P(V)
o ( [Iv—i+ 3o [ 2}
exp( — & gl(zv—iﬂ) £2} -

(N+Ic\z[—— l)pa(l__p)N

et N'=N-nol g AFELE & 22
E4E JHAe Sol#EEI ¥ F,

-235:4
N'1¢,D:_~NB(a+n,l—(1—D)e 2 )

(iv) ¢oll e AFEE
ool ¥ ALEREE wlol= A9 F R4 (nui-
sance parameter)/i'd& o] 838 g di¥ ALFEXE
= g3 go] AR £ ot
P(¢| N,D,) « L(N,¢|D,)- P(N)
o —_—(N]X!n)! exp[—%(‘g(N—
i+ 1)E+28] - gl _1%5

afu go W AAFREE U3 e 2FE
7tA e PelEEst ok

$| N.D, ~ [a+n, %{(N— n)g; 1+

n3y tF = 3 G-D t2+28)

4. 2¥HY

B =R 23yMdd ¢lojA Braun statistic
3 FH44¢ 9FE o] &3tnA ATl

Braun® &3 22 A WILE A FAFE
A A 8H o

St- BT
BO=—"str—%

n—1
P

2

¢, BTH)e 7,9 #3449 9 dv3n B(n 9
gol B 2Y¥UFE HEHY 2Yo] dd. 183
FASF qFL TSR gol ALstn Ut

mi—m;_
Mo = F |
S, omE T:9 AN F=HE FHFE v
M(v) 9l 3ol 3 RYYFE AEHQA BFo| @t
Age gagde E5E Afode AHexe] ¥
(the sum of relative errors)¢.8 ¥ v|ag & &
Aok Adexte] €& o o] Fdnt

RE(D) = gl! = =y =

o, AgRde e 2y #FY gt 49 N,
sFE YN we golz FAR 2RI I
23 #2d 9 A2 gndFd g8 7
N3 28 dd}e w9 grolx, /& U9 2(index)
A 2¥e Jex RE() Y grol #Hewd Ho 2
w2golgtn Fohi5].

5 FX ¥l of

;o] Hd ZARE SAS 2ZEGOE ol &y 2
SFAFY N=35, &/ 228 ¢=0.00462 52
ol BRE ¥ ELF el Hd=EXA APYFS
it

A& AEYE e ol N i APHERE
& N~NB(30,p) 2 Z7IXNE FYev, ¢ did AL
AR EE YFR(difffuse)d AHEE AHE TS
s Fatol HlZA & (1,0.0001)& HadTh L=
AEHA SAS LAZEE o|&3td WHEL 500
W, B gk A4 Zhzh 1000, 2000, 30004 3}
ok, <FE 1> dda BXoAM &8 30749 ¢ 9
ZAggtel) <E 2>& AHREE7L SogEXYY J-M
2364 FAY AFEHFY Folh o] HAM £
R pghe 01014 09744 F3 FEPe F, p
ol Aol et NEAGe AolAD ¢ ge =7
AL &L ¢ F Uk < D AREET 9
FEF YW G-OR¥ANN w=0.54 4 FHH gtol
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o G-ORHAAE pgte]l #AFel uwet N AL
ZopA L ¢ e 2 AXL UL & F U <E
D AAET7 SoFEIAdY S-WRHAAM 334
B golth. S-WEH A ptel Ao Wt ¥ F
g FolAa ¢ e 23H AXL YL ¢ F
et <& 5> Wl T3 2+ 2y i 30009
HEgo2M N# ¢9 FAgLR e F8 Jdit
o & T8 3oz (2¥ DF (2¥ 2+ Braun
statistic? FHT HF) F& o] &3 ZyYHe9 A
o] g 2go|u},

BdY ARE Y AMHNERY Lol Ed o
deate] o] -MEY Rue G-02Fe] Aue
29 fo] A ygiy, G-OEFHRuE S-WEHo
Boieatel ol A vgn (28 DFH (2¥ el
2% Braun statistic®} 94 BH9] @& o]&%
EyAdee] Ans g Fo|FREAM J-MEH
G-ORYAME p7t A4AFE Fuioxte Fol HA
FolAa Y&E & F ANT S-WEHAAHE pr}

CE 1) DEHAAZH 1) ThE =ojRi=

IgUE t nNFHE t, APHs ¢
H ! ?
1 14 11 11 21 11
2 17 22 10 22 33
3 13 5 23 14
4 4 14 16 24 2
5 15 8 25 6
6 8 16 18 26 20
7 14 17 %5 2 18
8 5 18 1 2 14
9 13 19 13 2 35
10 11 20 24 30 17
5
4
a,-m
3 WG-0
Os-w

0
P=0.1 P=0.2 P20.3 P=0.4 P=0.5 P=0.6 P=0.7 P=0.8 P=0.9

(322! 1) Braun statistice| gfe| H|m

(E 2) pofl WE MIE| ALFHTE £t

p |[H3&[HE | N 2
1000 | 500 | 26331207601 | 0.0003067834
p=0.1 [ 2000 | 500 | 26159212588 | 0.0003061762
3000 | 500 | 26120517697 | 0.0003081069
1000 | 500 | 116.10616208 | 0.0007609889
p=0.2 [ 2000 | 500 | 11520964380 | 0.0007694966
3000 | 500 | 11483654979 | 0.0007673552
1000 | 500 | 67.882820521 | 0.0014579936
p=0.3 [ 2000 | 500 | 68225854528 | 0.0014502963
3000 | 500 | 67.798739935 | 0.0014810973
1000 | 500 | 48362685953 | 0.0023604762
p=04 | 2000 | 500 | 47.884462671 | 0.0024056643
3000 | 500 | 47.807354535 | 0.0024012637
1000 | 500 | 39706937585 | 0.0031842159
p=05 [ 2000 | 300 | 39569539953 | 0.0032126848
3000 | 500 | 39.630036380 | 0.0032075738
1000 | 500 | 35570400818 | 00038861427 |
p=06 | 2000 | 500 | 35641937155 | 0.0038193514
3000 | 500 | 35553415112 | 0.0038573429
1000 | 500 | 33328499299 | 0.0043369059
p=0.7 | 2000 | 500 | 33263476065 | 0.0043272423 |
3000 | 500 | 33287665044 | 0.0043384104
1000 | 500 | 31813136192 | 0.0047456359
p=08 [ 2000 | 500 | 31.835103434 | 0.0047222608
3000 | 500 | 31.820248642 | 0.0047264133
1000 | 500 | 30780521243 | 0.0050319813
p=09 | 2000 [ 500 | 30781718651 | 0.0050370761
3000 | 500 | 30793881312 | 0.0050428152

<E 3) poll 02 G028 (w=05)2 2%

FHUAMFLT)
p |3 & | us N #7335 ¢ F
1000 | 500 | 380.20427 063 | 0.0001877942 |
p=0.1 | 2000 | 500 386.96200867 | 0.0001895586
3000 | 500 387.52226858 | (.0001896855
1000 | 500 167.82580334 | 0.0004260022
p=0.2 | 2000 | 500 167.83371192 | 0.0004270822
3000 | 500 167.70998961 | 0.0004279451
1000 | 500 96.356084349 | 0.0007247244
p=0.3 | 2000 | 500 96.080822206 | 0.0007255182
3000 | 500 96.14264788 | 0.0007245942
1000 | 500 62060760197 | 0.0010994277
p=04 | 2000 | 500 61.754627979 | 0.0010917608
3000 | 500 61601898438 | 0.0010934637
1000 | 500 42742307514 | 0.0015014836
p=05 | 2000 | 500 42489275464 | 0.001517731
3000 | 500 42663020286 | 0,0015112972
1000 | 500 31.726056233 | 0.0019415845
p=06 | 2000 | 500 31578696677 | 0.0019350302
3000 | 500 31.626210178 | 0.0019181157
1000 | 500 24.82870192 [ 0.0023349951
p=0.7 | 2000 | 500 24760834563 | 0.0023487684
3000 | 500 2468222836 | 0.0023426148
1000 | 500 20.276371424 | 0.0027365627
p=0.8 | 2000 | 500 20168357831 | 0.0027457337
3000 | 500 20302125462 | 0.0027137186
1000 | 500 17.207929952 | 0.0030508807
p=0.9 | 2000 [ 500 17.217400268_| 0.0030607973
3000 500 17.189582977 0.0030642072
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(E 4 poll ME S-WRH2| 25 FHIHAIFET)

p [H& | WE N #4% ¢ FA3
1000 { 500 26147468899 0.0000324143
p=0.1 | 2000 | 500 260.26878961 0.0000324075
3000 | 500 250.72143986 0.0000326037
1000 | 500 111.04519916 00000855745
p=0.2 | 2000 | 500 111.04570292 0.0000853196
3000 | 500 110.92546016 0.000086314
1000 | 3500 | 61.513645759 0.0001882643
p=0.3 | 2000 | 500 61.722046888 0.000186689
3000 | 500 61905413146 0.0001857711
1000 | 500 42.786810022 0.0003311261
p=04 [ 2000 ; 500 42.785455743 0.0003259567
3000 [ 500 42.723380052 0.0003279534
1000 | 500 36.455667266 0.0004309503
p=05 | 2000 [ 500 36418766676 0.0004298692
3000 | 500 36410538468 00004301192
1000 | 500 33.826840922 0.0004978141
p=06 | 2000 | 500 33.702545176 0.0005026752
3000 | 500 33747075441 0.0005021933
1000 | 500 32.245079113 0.0005461543
p=0.7 | 2000 | 500 32.278220197 0.0005498607
3000 | 500 32.242531818 0.0005526431
1000 | 500 31268694299 0.0005941504
p=08 { 2000 [ 500 31.264647859 0.0005885977
3000 | 500 31255710374 0.00058698103
1000 | 500 30.549564746 0.0006257209
p=09 | 2000 | 500 30.550527959 00006255494
3000 | 500 30.5438957%5 0.0006211245
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28| n p=0.1 p=0.2 p=0.3 p=04 p=05 p=0.6 p=0.7 p=0.8 p=0.9
¥ k1§ ¥ # # k) & # #

JM | 30| 053564 054021 054571 05432 0.53498 0.52439 051299 050214 04918

G-O| 30| 0423% 0.40940 0.39083 03672 0.33363 0.28868 0.241% 0.19337 0.1481

5w 30| 014469 010741 0.05674 0.0144 0.00129 0.00202 0.00850 0.01952 0.0979
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