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IMI-Heap: An Implicit Double-Ended Priority Queue with Constant
Insertion Amortized Time Complexity

Haejae Jung'

ABSTRACT

Priority queues, one of the fundamental data structures, have been studied for a long time by computer scientists. This paper

proposes an implicit double-ended priority queue, called IMI-heap, in which insert operation takes constant amortized time and each of

removal operation of the minimum key or the maximum key takes O(logn) time. To the author’'s knowledge, all implicit double-ended

priority queues that have been published, perform insert, removeMin and removeMax operations in O(logn) time each. So, the proposed

IMI-heap is superior than the published heaps in terms of insertion time complexity.The abstract should concisely state what was

done, how it was done, principal results, and their significance.
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Implicit Heap, Amortized Time Complexity, Data Structures
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Fig. 1. An IMI-heap with Two Component Heaps
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void initialize (maxN) // maxN: max. number of keys
{
[ maxN/2 1 ;
maxIndex = size;
if( size % 2 ==0)

maxIndex++; // every node has 2 children

size =

// the root has index 1.
new keyType[maxIndex+1];
; // leftmost leaf node

arr =

startLeaf = 2[ log2 (maxIndex) | .

// root of last(rightmost) component heap
lastRoot = 0;
lastLeal = startLeaf — 1;

Fig. 2. Initialization of IMI-heap
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1 // parameter r : node to start to heapify
2 void heapifyRight( r )

3 {

= cmpSwap( arr[r]IKey, arr[rlrKey )

5  c=2*r; //c: left child of r

6 while( ¢ < maxIndex ) { // while node c is valid
7 if( arr[c]rKey < arr[c+1].rKey ) c++; // c: right child of r.
8 if( arr[rl.rkey > arr[c]rKey ) break;

9 swap( arr[r]lrKey, arr[clrKey )
10 cmpSwap( arr[c]IKey, arr[c].rKey );

1 ri= ¢ «c= 2%

12 1

13 )

Fig. 3. Heapify Algorithm of Right-end
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bool insert( theKey )
{

i

2

3 // check if the rKey of the last root is infinite value.
4 if( arr[lastRoot]rkey == INF ) {

5 arr[lastRoot].rKey = theKey;

6 heapifyRight( lastRoot );

7 return true;

8

}

9
10 if( lastRoot == 1) return false; // heap is full.
1
12 if(lastRoot % 2 == 0 ){ // create a new component heap
13 lastRoot = ++lastLeaf;
14 if( lastLeaf > maxIndex )
15 lastRoot = lastLeaf = lastLeaf/2;
16 arr[lastRoot]IKey = theKey:
17 arr[lastRoot]rKey = INF;

18 return true;

108
20

21 lastRoot /= 2;
22 arr[lastRoot]IKey = theKey:
23 arr[lastRoot]rkey = INF;
24 heapifyLeft( lastRoot );
25 return true;
26 }

Fig. 4. Insertion Algorithm



2 FEMESED=2A/EFEH H S48 AIAH HMeH M2=(2019. 2)

lastl_eaf

Fig. 5. IMI-heap after inserting key 25 into Fig. 1

Fig. 5% Fig. 1l 7] 255 A1 $o IMI-3 &
AT F 7] 52 lastRoot?] INFZES tAIe & Fx4 e
= EOil—rJ— Atk Fig. 5ell 7] 355 F7t=2 Aslste 4
(35, INF)7} =& 140 49531, lastRoot9} lastLeafs =T
14& 7F)71A At

(B 1D n e 718 7HA A Y= IMI-FellA, A drke

A4 Ao] AlZF BR = (amortized time complexity)S 7t

(%) 49 Aol Az BFwg Fabo] 3, Ao 49
ko] o) Fol itk sk, A 4 F, 2E wolo] ol %a)
=% le AEYen TAH MRl AR 78 49
A9 shtel 4R gwon F49 M-gol ), oln Ay
M go] RO AL o) F ARYL BT s
A Aol BE wE BOE o] FolABE, 1 RE wmro]
ol W] Alzte] ATk WebA, shbel JRHoE T
IMI-919] %ol7} het @ o, Qee] 449} & 01§62 Adeha

H
h
7=Y2(h—1+1)2" ' 7} 9t} 2 RE g 12 A»eHE E

G Jol= 207 Ae] Ut Qw7 wmx9] 2709] 7] AY

& 2(h—i+1)o] b o714 i=h—I1+12 FH
h

E 20)2" T =2"T13(i/2) = 02" T - 2) = O(n)°]  HU}.

i=1

upebA, 7] Zzkel] gk Ay el ARF E3=E O(n)/n = O(1)

HA27= AEY FEI Key T 7H 2L folmz, ¥
= AEHY FEE At 7 #2 IKey g 7}
e =22 a1 =29 Key 7S lastRoot =29

A wEg FER S ARYel s

Fig. 69 2HA dagFolAl WA HA718 /I e
minRootE ZF=th(Eel 5-10). 24 minRootd] 1Key S last

keyType removeMin( )
{

1
2
3 if(lastRoot == 0) throws EmptyException; // heap is empty.

4 // find min node (minRoot)

b curRoot = minRoot = lastRoot;

6 while( curRoot I= firstRoot ) { // firstRoot: root of leftmost CH
7 while( curRoot%2 ==

8 curRoot--;

9 if( arr[curRoot]IKey < arr[minRoot]IKey ) minRoot = curRoot;
10}

11 removedKey = arr[minRoot]IKey;

12 arr[minRoot]Key = arr[lastRoot].IKey; // replace

13 heapifyLeft( minRoot );

0) curRoot /= 2;

14

15 if( arr[lastRoot]rKey I= INF ) { // lastRoot had no INF
16 arr[lastRoot]IKey = arr[lastRoot].rkey;

17 arr[lastRoot].rkey = INF;

18 heapifyLeft( lastRoot );

19 return removedKey;

i !

21 // Now, lastRoot node is empty: update lastRoot and lastLeaf
22 if( lastRoot |= lastLeaf ) {

23 lastRoot = 2*lastRoot + 1;

24 Yelse{ // lastRoot is a leaf

2b lastLeaf--;

26 if( 2*lastLeaf < maxIndex ) lastLeaf = maxIndex;
27 lastRoot = O;

28 if( lastLeaf |= startLeaf - 1){ // not empty
29 lastRoot = lastLeaf:

30 while( lastRoot%2 == 1) lastRoot /= 2;

3t }

< .

33 return removedKey:

34 )

Fig. 6. Remove Algorithm of Minimum Key
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